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“I can only say, there we have been;

but I cannot say where.”

T.S. Eliot, Burnt Norton
Abstract:  An overview of the ways in which chaos theory has been applied to the analysis of macroeconomic time series is provided. Econometric techniques that attempt to reveal chaos in an apparently random time series overlook fundamental characteristics of chaos which defy analysis, such as infinite variance. Mainstream attempts to explain the business cycle in terms of neoclassical equilibrium carry over to the use of reduced models and ad hoc formulations to explain erratic fluctuation as deterministic chaos in a fundamentally stable economy. By simplifying complex processes, they preclude more realistic explanations for nonlinear patterns. 
Alternative theories of the business cycle that rely on dynamic models of endogenous nonlinearity to explain fluctuation are capable of generating deterministic chaos in addition to stable growth cycles.  However, there is little attempt on the part of these researchers to follow through with empirical validation.  The different methods surveyed arrive at different explanations of the causes of macroeconomic instability based on the approach used to investigate it, rather than expanding on the potential of chaos to deal with the complexity of actual data, as is done in the natural and physical sciences. The paper concludes with suggestions for a more fruitful direction for research into the applications of chaos theory to business cycle analysis.
The prospect of financial instability has become real again in the aftermath of Bush era "voodoo" economics, and the debate over whether an economic depression can happen again has come alive.  There may have been a time when the mainstream of economic thought, constrained by the smooth, carefully constructed channel of positivist theory, made perfect sense in its historical context.  The "great" depressions of the late 1800's and early 1900's (the people of each period thought it could get no worse) should have moderated that positivism.  Since nobody offered anything more “rigorous” (and because that was all that mattered), neoclassical theory flowed swift and calm, unheeding of the perturbations generated throughout the sciences by its parent, physics, as relativity theory bent time, gravity, and space itself.

But just as the neoclassical ideal of equilibrium growth appeared to be confirmed in the postwar period, the smooth flow of investment became turbulent and the carefully structured path of economic growth cracked and crumbled.  Latin American and U.S. government budgets ran up huge deficits, the trade balance deteriorated as U.S. manufacturers lost competitiveness and markets, OPEC exercised its new influence on oil markets, and the banking community invented new financial instruments to fuel a boom in mergers and acquisitions.  The time series of the U.S. economy just hasn't been the same since.  The erratic movement of prices, previously assumed to be random, was swinging well outside the range of stochastic variation as oil prices skyrocketed, inflation and interest rates spiraled out of control, the stock market saw unprecedented gains –and losses–, and the world economy suffered its severest contractions since the Great Depression.

Once again, the burden is placed on economists to explain the business cycle as something other than random variation.  Chaos seems to have the potential of better describing our economic reality.  But then again, in the current state of our understanding of economic dynamics, its dramatic progress may be premature and speculative; its mathematical formalism another pseudoscientific fix.  

In response to the last great crisis, Keynes had offered a model for fluctuations of investment and employment that relied heavily on non-quantifiable variables and processes of adjustment.  His verbal descriptions explained an intuitive picture of the economy too complex to reduce to a system of equations.  At one point he indicated that his model cannot be "closed" and complained about others who attempted to reduce complex time-dependent patterns to familiar concepts of static equilibrium (Keynes, 1937).  

Keynes was the original apologist for unstable dynamics, suggesting that it would be coincidental to find macroeconomic equilibrium at any point in time because of the complex interrelationships and movements of so many variables and the large role psychology would play (The General Theory, ch. 12,13,22).   It would be mistaken to think Keynes avoided an axiomatic exposition of his theory because he was mathematically unsophisticated.  He did not present the General Theory in algebraic equations because it was, and still is, impossible. 
Nonetheless, because economists were ill equipped to deal with this level of complexity, they reduced Keynes’ idea to an axiom system they could manipulate and forgot the original point of his work, as explained by Minsky in Semmler (1989: viii);

“The popular semi-mathematical statements...transformed what was essentially a complex nonlinear system of the verbal exposition, which showed that the economy had various modes of possible behavior, into a nice, polite interdependent equilibrium system.  In the hands of Patinkin, the Hicks version of Keynes’ theory was transformed into a system that sought and sustained equilibrium:  Keynes’ theory was stood on its head...The reason for this retrogression is that the mathematical exposition of The General Theory in terms of a multi-market equilibrium was cut to the mathematical competence of the economists of the day, which, to put it kindly, was limited...

The announced aim of Keynes’ research program was to develop a theory of a monetary production economy that was rich enough to encompass a smoothly expanding economy, a constrained cyclical economy, and an economy that from time to time collapses into depressions or explodes into accelerating inflation.  In the verbal exposition of The General Theory, endogenously determined changes in liquidity preference could lead to rapid movements in the relative prices of different types of assets and of assets and output.  In turn, these changes can lead to rapid and large movements in output and employment.”

With the recent introduction of complex systems analysis, it may be possible to explore the ways that chaotic macroeconomic dynamics arise from the patterns of behavior of investors and other economic institutions and agents.  The jury is still out on whether or not this will get us back to Keynes.  Is it no longer unrealistic to think the insight of Keynes could be retained in a mathematical exposition?  In light of these issues, it is interesting to see the direction that chaos research has actually taken among economists.  

I. Empirical Analysis for Chaos
Some of the first insights into the nature of chaos came from a non-economist looking at price series.  Benoit Mandelbrot’s lack of extensive knowledge of economic theory permitted a fresh look at economic data, uniquely preparing him to foray into the uncharted but scientifically rich field he was to discover.  Looking carefully at data of cotton prices, he realized intuitively what economists understand but cannot explain; there is some kind of autocorrelation in the data or it would not display even vague periodicity, or the tendency for price movements to remain above or below trend for long periods of time.  To simplify analysis, economists have preferred to assume these movements were random.  Assuming randomness also happens to better conform to mainstream theories of how the economy works.

If, as neoclassicals assumed, there is a “right” price, deviations from that price would be considered to be too high (or low) and the price would be bid down (or up) by other, better informed actors in the marketplace.  This perfect arbitrage results in a market price that reflects all relevant information.  The effect of millions of arbitraging agents trading can be then be interpreted as random error around a roughly constant equilibrium price.  Randomness allows for incremental price changes to be considered as independent of one another and of all previous price movements, permitting longer term changes to indicate a shifting equilibrium that can be described by deterministic equations, after the random variation has been separated out.  The more perfect is the arbitration, the more random is the error component of price movement, the more constant is the variance of the error, and the more defined is the relationship of underlying deterministic influences.

These familiar ideas are embodied in the practice of standard econometrics.  In fact, independence and constant variance across samples must be assumed before any econometric work can be done.  Normally distributed data may be transformed to compensate for different types of known dependence and changing variance.  If either remains unspecified in the model, it will throw off the results and nullify the hypothesis.  

To analyze movement the econometrician simply separates the random and deterministic components, then uses a probability distribution to describe the error term and equations to define the relationship.  As in  C=cY, when aggregate income increases over time, consumption changes proportionally, and small deviations from that proportion are treated as randomly distributed.  

A linear relation such as this can be modified to account for cyclical variation.  For  C=cY+bW, where W is a measure of wealth that exhibits fluctuation over the business cycle, if that cycle had a regular frequency it would be possible to describe the fluctuation of consumption as the sum of a constant time trend, the variation due to the cyclical movement, and the variation due to random error.  Many time series exhibit seasonal or other kinds of cyclical variation, and regular periodicities can be decomposed by spectral analysis.  It would be hoped that more sophisticated econometrics would eventually reduce a complex movement over time to its component frequencies, each describing one contribution to the overall pattern, and reducing the degree to which random elements are held responsible for overall variation.  Together the individual frequencies add up to and manifest the rational behavior of the participants.  

Much to the chagrin of econometricians, the irregularity of cyclical movements in economic time series pose special problems that don’t exist in other sciences, where experimental conditions can be controlled or where cyclical variations are as regular as a heartbeat.  One solution is to mathematically transform the data until the model variation is linear and error variation is purely stochastic.  This may be legitimate when the nonlinearity is regular and has an economic justification, as in the case of a geometric growth curve.  In the absence of good economic reasoning or clever enough techniques to decompose complex nonlinearities, however, econometrics could be elaborate guesswork.

Analysis of time series with both stochastic and periodic effects becomes particularly messy when price movement is discontinuous and time dependence is evidenced by what Mandelbrot (1971) calls "nonsinusoidal business cycles", or cycles of varying frequency, for which spectral analysis won't work.  By exploring ways to identify structure in the apparent semi–randomness, he discovered some interesting properties that led him to conclude that perfect arbitrage is impossible under some very ordinary conditions.  

He discusses two statistical properties of price movements that violate assumptions of normality.  The variance of the time series changes over different samples and generally increases with sample size, rather than settling down to some constant value, as it is assumed to do in standard econometric analysis.  In an equilibrium model of price movement, what should happen is a reduction of the variance with an improvement in the efficiency of arbitrage, the perfection of information, or the dying out of transient shocks.  Instead, spectral density at very low frequencies is either very large or infinite, indicating either a nonstationary process with a Gaussian (normal) distribution or a stationary process with a non-Gaussian distribution.  Mandelbrot preferred the latter explanation because the distribution appeared to be stable Paretian (of which the Gaussian distribution is a special case), which preserves the possibility that the time series is a fractal object.

Successive price changes could also be treated as not independent.  Where statistical dependence exists, Mandelbrot demonstrates the variance could increase with the efficiency of arbitrage. Earlier price changes trigger an infinite number of further price changes, which leads to an amplification of the variance and a cumulative destabilizing influence on prices.  Mandelbrot comments that this is reminiscent of Keynes' remark about competitive prices being based on expectation about expectations, or on expectations about expectations of expectations.  Effective arbitration is impossible, and astute observers can count on a period of successive price increases or decreases on average. Drastic price movements might be controlled by specialists, who would be required to effectively block arbitrage in order to smooth away fluctuations and stabilize prices— but this also creates opportunities for systematic gain, again increasing the variance of the series over time.  

Add to this the tendency for prices to change abruptly, as if the underlying process was discontinuous rather than continuous, and the mix could be explosive.  The combination of infinite variance with time dependence in an environment of discontinuous price changes adds up to frequent crashes and bubbles, not stability.  If a time series does not eventually resolve into the deterministic patterns of specific frequencies and its variance is not normally distributed or even finite, fluctuation cannot be explained as exogenous shocks to a stable deterministic system.  Mandelbrot concludes that such explanations are no longer adequate, and may even be misleading.  

Indeed, Mandlebrot had hit upon a model that was far more in tune with reality than were equilibrium models.  His interpretation meant that either determinism was not necessarily so smooth or 'random' variation was perhaps not so random.  The two might be intimately connected to a nebulous "deeper truth" and no longer separable!  The very question of whether price movement is deterministic or random is somewhat spurious in the case of fractal dimension, however, because it can be both.  Deterministic chaos and stochastic trajectories and combinations of the two can look the same and produce the same results when subjected to tests.  

In fact, in a detailed comparison of conventional and nonparametric approaches to inference, W. Barnett and S. Choi in W.Barnett et al (1989: 142-143) state that "mathematical chaos can be viewed as a means of producing a deterministic origin for stochastic processes... Stochastic processes and time series methods are not eliminated or replaced, but rather they are explained, in the sense that structural theory and stochastics become linked and thereby acquire common theoretical origins" (italics theirs).  From this perspective, randomness can be viewed as simply a deterministic phenomenon of higher dimension (and maybe God doesn't play dice with the universe after all!). Remember that it is a formula that produces the numbers in a computer's random number generator!

Is this link a blessing or a curse?  On the one hand, it means that more information is contained in a typical time series than we had previously thought, since all sources of the system's dynamics could be endogenous; "...all of the information contained in the structure of the unknown dynamical system in state space can be shown to be embedded in the geometry of the chaotic attractor fractal..." (ibid).  On the other hand, one can no longer work with time series data the way it has always been assumed one could.  With no linear relationships, no resonating frequencies, nor even stable variation, an equation cannot be identified by empirical techniques.  The usual econometric techniques would just give wrong answers, and alternative techniques of analysis are still in their infancy.  

But this is where Mandelbrot left it, and mainstream economists picked it up.  The premise behind much of the econometric work that has been done on chaos seems to be that since there is determinism, refined techniques would eventually reveal the equation lurking behind the data that explains everything.  A clear explanation of how one might go about this and the various tests that have been developed is presented in Baumol and Benhabib (1989) who mention some additional complications;

“First, the underlying system may have many variables and/or a complicated lag structure with an unknown number of periods.  This underlying structure is no longer so ‘simple’, and the kind of structure to look for is never obvious...Second, the available observations may not provide information on the variables of the underlying system but on some function of those variables...The system, therefore, cannot be reduced to a single difference equation since each Yt is compatible with many values of the vector Xt...Given the preceding considerations, the problem of distinguishing essentially deterministic dynamics from dynamics primarily governed by stochastic elements becomes difficult if not ambiguous.”

The more basic problem is that economists are slow to accept Mandelbrot’s radical explanation of the pattern, and the frightening (for economists) methodological implications of his discoveries.  Mandelbrot (1983) held the firm conviction that a scientific principle must yield predictions that can be checked against the evidence.  When he found that economic models do not fit the data, he did something very uncharacteristic for economists: he questioned whether stochastic variation really is the best model of price change.  His first intuition was to alter the assumptions, allowing for the possibility of infinite variance.  Not only did he identify a radically different model of the process of price movement, it also fit the data admirably, and along the way he explored the statistical properties of fractal structure.   

The implications of fractal structure are fundamental.  As mentioned above, stochastic variation only follows from independent and identically distributed (I.I.D.) random variables that are combined to make up the data set.  The good news is that the additivity properties of I.I.D. variables carry over in the stable Paretian case, which is the distribution that describes the variation of a time series that is a fractal object.  The sum of stable Paretian variables is also distributed stable Paretian.  Large and abrupt changes in the price level are therefore the reflection of large and abrupt changes in the fundamentals themselves, which theoretically could be known.  Despite their great variability, prices still ultimately reflect all the underlying information.

The bad news is that the self–similarity of scale in data of fractal dimension complicates the identification of these fundamentals.  Large changes in prices bunch together, and the same clusters of large variances occur at all time scales.  Whether hourly, daily, or monthly price changes are examined, the shape of the line of price movement is similar, so that the time series traces a path of infinite length in a finite period.  One would hope that as movement is measured over a different unit of time scale, one would observe a greater level of determinacy and less variability.  This would reflect the increasing importance of adjustment to less variable fundamentals such as supply and demand or anticipated seasonal price changes of commodities, and the diminishing influence of errors in trading.  

However, the I.I.D. property of fractals means that the fundamentals are as variable as prices, and there is no limit to the smallness of that last bit of relevant information.  In other words, the famous "butterfly effect" applies to price movements:  the offhand musings of a congressional banking committee member can crash the stock market.  If choice of time scale doesn't matter in identifying the ultimate fundamentals, do they even exist?  How could they be modeled?

Further, there is the problem of infinite variance.  E. Fama (1963) describes the reasons that a stable Paretian distribution of price changes implies a mean but not a variance.  Large and abrupt changes mean great variability of expected yield, a high probability of large losses, and the impossibility of "stop–loss" transactions in a falling market, making a non-Gausssian market far riskier than one following a Gaussian distribution.  The variation of variance itself  follows some pattern that needs to be explained in order for risk to be calculable.  In contrast, chaos economists choose to operate on the assumption that while the mean of a time series may be hard to predict, it is still possible to predict variance and the other moments (Brock et al, 1991).  This may have more to do with the importance of managing risk and profit than with the value of scientific endeavor.

Finally, a chaotic time series might contain period dependence, but without a familiar distribution its origin cannot be pinned down to any “explanatory variables”, and the usual transformations won't work.  The intertemporal dependence of a chaotic time series can therefore only be identified if the governing equations of the system's dynamics are known.  Among other things, that means the number of variables influencing the system must be very limited.  Price movement may be determined exogenously and/or endogenously, and deterministically and/or randomly, muddling the identification of the source of dependence.  

The larger implication is that if there is temporal dependence in price movement, it may not be the kind economic agents can do anything about, suggesting that the real issue runs much deeper, to the nature of the market mechanism itself.  Price movement may be determined by the arbitrage of agents, but not necessarily in an environment of stable equilibrium; it is more likely that whatever they do ends up contributing to the unpredictability inherent in nonlinear systems.  More perfect information and foresight is not helpful; uncertain agents would have to react to the evolution of the system, judge from its state and motion what to do next, and prepare to make drastic revisions of their expectations and behavior.  Fluctuations would be a consequence of the variability built into the structure of the system and the behavior of individuals and institutions, and could not be smoothed away. 

A nonlinear model of an economic system would have to explain its endogenous dynamics and path dependence, and the cause of phase transitions to turbulence, as do chaos models of natural phenomena such as the onset of turbulence in fluid flow or the movement of air masses that can cumulatively cause a thunderstorm.   Are mainstream economists prepared for an analysis with this level of complexity?  According to Mirowski (1990),

“It is true that neoclassical economics finally admitted some aspects of stochastic concepts into its ambit with the rise of ‘econometrics’...; but the curious aspect of this development is that the stochastic terms were merely appended to the existing constrained optimization formulas, and were not part and parcel of a fundamental reconceptualization of economic theory, unlike the parallel events in physics.  Moreover...these stochastic ‘shocks’ had little or no theoretical justification, but themselves seemed only an excuse to maintain the pure deterministic ideal of explanation in the face of massive disconfirming evidence...

Now, into this unsatisfactory situation, we observe the intrusion of the further development of chaos theory in physics.  The allure of this development for neoclassical economists is readily apparent:  it seems  that the most rigid determinism is reconciled with the pervasive appearance of random phenonema.  Here again it seems  that the previous lack of a substantive dynamics may be repaired with only a little more sophisticated mathematics.  Here it seems  that the formalism of strange attractors may promise law-governed behavior independent of historical location.  Here, it seems  there is a remedy for the palpable failure of a half-century of econometric endeavor.  Further, it merely involves a simple extrapolation of the original tendencies of neoclassical theory, since it involves further direct imitation of theories generated within the physics community.  In summary, chaos theory looks like it just might be the salvation of the neoclassical research program.

Nothing could be further from the truth.”

Mirowski concurs with Mandelbrot that chaotic structure is rooted in history, or evolution, rather than physics, from which it follows that the lack of conceptualization of historical and institutional causation is the source of error in mainstream chaos analysis.  The error seems to run deeper than that, however, a consequence of the questioning process itself.  Having a preconceived theory, or even being a participant in the system one is observing, distorts the observation and interpretation of reality, as we know from subatomic physics.  If our theory forces us to ask only “what kind of equilibrium do we have?” we will be oblivious to the possibility of economic behavior that produces both stability and disorder, and to a theory that will describe it.  

Chaos in a time series permits us to say only that an underlying structure exists; we may never be able to say where it comes from.  Is it meaningful to say that chaotic structure exists when we can't identify what causes it?  This calls for reflection on the metaphysics of econometrics.  Can we say that time series Y is determined by variable X only because we've called the linear relationship into existence with our analytical device?  Is randomness (and even our terminology) just an artifact of the researcher's externally imposed restriction that observations conform to a "normal" distribution?

Rather than asking what the evidence can do for the theory, economists need to be asking what theory can do for the evidence.  The overwhelming evidence to be gleaned from historical empirical analysis (as in Mitchell, 1927, 1963; or Wolfson, 1986) is that economies are highly nonlinear and economic variables have very complex interdependencies.  Yet we have relied almost exclusively on linear stochastic models.  The appropriate question we have waited too long to ask is, which theory and method better describes the characteristics of economic data?

“The phenomenon of chaos could have been discovered long, long ago.  It wasn’t, in part because this huge body of work on the dynamics of regular motion didn’t lead in that direction.  But if you just look, there it is.  It brought home the point that one should allow oneself to be guided by the physics, by observations, to see what kind of theoretical picture one could develop.  In the long run we saw the investigation of complicated dynamics as an entry point that might lead to an understanding of really, really complicated dynamics.” (Norman Packard, quoted in Gleick, 1987)

The ability to describe and explain equilibrium dynamics and  deterministic instability, and the forces that cause transitions from one to the other is precisely what distinguishes chaos from traditional theory in all the other sciences it has touched.  Unfortunately, while natural and physical scientists were taking advantage of this illumination to make fascinating new discoveries in their fields, mainstream economists were stumbling through chaos in reverse.  The methodological problem this time is not  that they were imitating physicists.  Had they paid more attention to what physicists were actually doing, they might not have pushed the theoretical cart before the empirical horse.

II. Deterministic Chaos and Mainstream Theory

Just how different are the applications of chaos techniques by economists from those of physical scientists?  The first application of chaos theory to an empirical problem is still the most referenced.  Ruelle and Takens (1971) took a system of equations describing fluid flow and studied its properties as a parameter change caused phase transitions progressing to turbulence.  The dynamic equations were well understood by physicists, it was not an ad hoc axiom system, and still they were reluctant to accept the results.  The theory was confirmed by experiments showing that actual fluid flows subjected to the same changes as the equation system progressed through the same phase transitions at similar values of the parameters.  A marriage of chaos theory and an empirical study of an actual physical system was made and the science of chaos was born.

Other applications of chaos in the natural sciences explore the potential of chaos for validating empirically-based theories of a system's dynamics.  Excellent examples are provided in Glass and Mackey (1988), Schieve and Allen (1982), and in Kot et al (1988).  In contrast, the economic chaos models described in Grandmont (1986) and in Baumol and Benhabib (1989) begin with familiar static axiomatic equation systems that have no correspondence to empirical studies, where the dynamics are derived by parameter change.  These examples model neoclassical growth, intertemporal equilibrium or utility, and exchange between overlapping generations, while other theoretical constructs rely on cobweb models of demand and supply and price change. 

The theme that unites them is that "endogenous, expectations-driven business cycles are compatible with individual optimization, self-fulfilling expectations, and competitive market clearing".  The models demonstrate that under these neoclassical assumptions, "even if the real fundamental characteristics of the private sector are constant over time, prices and quantities may nevertheless fluctuate persistently under laissez-faire, if private economic units predict that they will do so."  (Grandmont and Malgrange in Grandmont 1986: 4).  

The reader may recall that one implication of high-dimension chaos is that the underlying mechanism generating erratic dynamics cannot be determined by current techniques.  Fundamentals cannot be determined from the time series, but their complexity is mind boggling anyway.  A chaotic series is simply not well behaved enough to identify or presume a structure.  Brock et al (1991: 26) state that "low-dimensional chaotic deterministic generators for stock prices and returns over daily and weekly time periods should be extremely unlikely... if there is forecastable structure in stock returns, it must be difficult for traders to discover it."

Additionally, there are not enough observations in empirical data to even provide accurate tests for chaos.  Low frequency data is affected by seasonal fluctuations or policy changes, and high frequencies are influenced by the exogenous news of the hour or day.  Economists seem to have agreed that weekly data is best for tests for nonlinear dependence, but that can provide at most some 5,000 observations.  

How do these authors manage the incongruity?  They append the mathematics of chaos to models they already have.  The models share several characteristics: they start with loosely constructed axiom systems deduced from abstract concepts of economic behavior; the variables are not intended to actually be measured empirically, and indeed are usually unmeasurable; parameter changes unrelated to the dynamics of the equation system cause the phase transition from stability to oscillation and chaos, and finally, the phase space does not represent a flow.  When key parameters and the equations of motion are either unspecified or lack empirical meaning, what exactly is the bifurcation structure supposed to represent?  Unfortunately, it is never as clear as the transition to turbulence of a fluid.

If a theorist would like to demonstrate that a deterministic equation system is capable of instability, the procedure for “proving” it is quite simple.  All they have to do is specify a hump-shaped nonlinear function (such as rising then declining growth tragectories, preferences, utility, prices, savings rates, etc.) that intersects with the other functions of the equation system in a generic way, and then change its forcing parameter to bump the system through its bifurcations from stability to periodicity to chaos.  Neoclassical macroeconomic models are therefore easily adapted to imitate the so called “Feigenbaum cascade” of bifurcations.  Since the specifications that generate the chaotic series are embodied in the assumptions, this seems an artificial, mechanical sort of device to explain chaos.  It is perhaps no more sophisticated than the intersection of a demand and supply function is for explaining equilibrium, or no more adequate than the “Keynesian cross” is for explaining the General Theory.  As explained by Mirowski (1990):

“While this is responsible mathematical pedagogy (and a great toy if you have access to computer graphics), it has been disastrous for economists, because it gives the impression that somehow this is what chaos is all about, not to mention giving rise to the temptation to generate all sorts of matchbook models where a single recursive difference equation is somehow supposed to ‘account’ for the apparently stochastic behavior of stock prices, macro fluctuations, monetary disturbances, and every other scourge known to mankind.  The issue of conceptualization of chaos in physics is much more complex than these little mathematical exercises.”

The examples in Baumol and Benhabib and in Grandmont suggest that the ability to derive these matchbook models of chaos from rational expectations theories is exactly what the doctor called for.  Just when neoclassical theories were encountering problems reconciling their ideas with reality, an explanation of the counterintuitive result was provided.  It didn’t matter that the theory was still not grounded in empirical observation, reasonable assumptions, or actual measurable variations in time.  The nonlinear models are in fact not all that different from the earlier linear ones, and neither is their methodology.   The old equilibrium dog has been trained to jump through strange attractor hoops.  

Techniques have been appropriated from physics and trained to do what economists want to be done before this, and chaos is no different.  Is it reasonable to continue reducing the economy to a handfull of equations that can be comfortably crammed into a Jacobian box?  There is elegance in simplicity, they say, and people seem uninterested in dynamics that cannot be thoroughly understood analytically.  One reason low dimension chaos is so interesting to economists is that it can be demonstrated with a couple of familiar reduced equations.  All that matters is that these simple models “predict” the possibility of erratic time series from the rational behavior of economic agents.  Never mind that absolutely any other explanation with any old nonlinearity imbedded in it somewhere would produce the same results!   

Fortunately, cracks in the belief system supporting this line of research appeared soon after these models first emerged.  There was criticism about the life cycle hypothesis as the source of nonlinearity, since the length of the cycle tied to human biology is much longer than the 3 to 5 year swings seen in the business cycle, casting doubt on intergenerational models.  A more basic problem is that the nonlinearities are not truly time-dependent, they are the static characteristics of the economy or its agents.  If there is time dependent behavior, it is treated as a comparative static problem.  In other words, even dynamic behavior is not characterized as evolutionary.  

 These problems accumulated and this approach has already been largely abandoned, since once the inadequacy was admitted and economists started looking for more realistic models, they were led to take a different approach toward the theory itself:  


“We remark that when studying the natural science literature in this area it is important for the economic theorist brought up in the tradition of abstract general equilibrium theory to realize that many natural scientists are not impressed by mathematical arguments showing that ‘anything can happen’ in a system loosely disciplined by general axioms.  Just showing existence of logical possibilities is not enough for such skeptics.  The parameters of the system needed to get the erratic behavior must conform to parameter values established by empirical studies or the behavior must actually be documented in nature...The criteria of what constitutes a successful direct argument and what is a rebuttal have changed." (Brock and Malliaris 1989: 298-299)  

Does chaos necessarily imply theoretical anarchy?  It means economists may miss another opportunity to advance their science by neglecting to mate theoretical with empirical research.  The marriage of the two is the context in which the study of chaos has solved real problems in the natural and physical sciences.  Chaos means researchers may have to look to the data itself for clues about what may be the most plausible nonlinearities causing a system’s dynamic behavior.  The high standards of verification employed by natural and physical chaos scientists may cause mainstream economists to return to their empirical roots.

Chaos could mean neoclassicals converting to institutionalism as they abandon tenaciously held positions such as perfect information and arbitrage, in favor of models where the outcome depends on individuals learning and reacting and actually causing the movement and determination of prices.  Will they yield to postmodernity and substitute historical or evolutionary analysis for abstract analytic formalizations?  The really interesting question is whether the neoclassical baby of deductive method will get thrown out with the dirtied bathwater of equilibrium theory.   Will someone declare the Auctioneer (finally) dead?  For economic thought, at least, chaos really does  mean that anything is possible;

“In such circumstances, private economic units have no firm basis on which to formulate their expectations.  Even if each of them knew the real fundamental characteristics of the economy, that (already formidable) information would be quite insufficient for them to forecast accurately their future environment.  When there are many possible stationary, expectations-driven business cycles, they need to know in addition how the other  agents envision the future.  Unfortunately, their information on that is only indirect and rudimentary.  There is then an expectations coordination problem that cannot be solved efficiently by the market’s invisible hand.  It is amusing to note, incidently, in an era where some pretend to have learned little from Keynesian theorizing, that, by using the methodology of self-fulfilling expectations, one reaches a conclusion -- the intrinsic unpredictability of the future in a free market -- that is fundamentally Keynesian. (Grandmont and Malgrange in Grandmont 1986: 8)

In fact, these authors admit the inadequacy of theory for dealing with the new interpretation of price movements and suggest that future models of the economy should specify traders' learning and reaction functions, which would include information about unknown fundamentals, current and past states of the market, and the rules used by other traders:  "The models analyzed up to now are too simple to pretend to encapsulate the complexity of the world in which we live... perhaps the most important limitation of current research is the fact that it is mostly confined to the study of perfectly competitive systems."   They even embrace the abyss and deconstruct the invisible hand: "we should expect a free market economy to perform rather badly under laissez–faire.  Individual traders are bound indeed to make significant forecasting errors...while they are trying to learn the dynamic laws of their environment." (ibid., p.9)
Institutionalist thought made its way into the conceptualization of subject matter, as well as the title of the conference and proceedings volume, when top researchers of chaos from many fields met at the Santa Fe Institute to talk about economics (Anderson et al, 1988).  This volume is discussed at length here, because it is taken to represent the state of the art among chaos economists, and because the intercourse of two very different sciences produced a fascinating mutation of ideas about the economy.  

The reports and miscellaneous notes included at the end of the volume relate a very enlightening discussion of the philosophical and methodological differences between the sciences.  The result was a stunning indictment of mainstream economics, indicated by the many disturbing questions the natural scientists were compelled to ask of the economists (as summarized by R. Palmer): why use "representative agents" when their aggregation distorts the analysis?  Why are there theories of economic development but not of evolution?  Why do economists downplay or ignore the role of psychological, sociological, and political forces in economic systems?  The importance of these forces were self-evident to the natural scientists, and it did not seem very difficult to explicitly model them with feedback mechanisms.  They were dismayed by the economists' resistence to the inclusion of these factors (leading to the conclusion that sociologists and political scientists should also be invited the next time around!).  Why is Rational Expectations theory with infinite foresight accepted when it appears obviously wrong?  It presents many problems for natural scientists, such as the uniqueness of equilibrium, overbearing determinism, and the assumption of rationality.  Can't agents be modeled as learning from their mistakes, leading to cumulative change as opposed to local optimization?  In the summary, P. Anderson discusses the appeal of explicitly incorporating learning and evolution, perhaps by way of neural network models.  Dynamic adjustment occurs through nonlinear feedback mechanisms that allow multiple economic regimes both in time and space.

This alternative perspective was behind the economic models presented by the natural scientists.  Cumulative causation is mentioned as a possible source of path dependence by W.B. Arthur, implying multiple equilibria, inefficiency, and "lock-in"– a market imperfection that prevents efficient adjustment.  M. Boldrin observes that since testing of simple abstract models would be difficult, it is important to construct models that can be parameterized using empirical evidence.   J. D. Farmer states that there are too many agents with too great a variety of behavior in an economy to ever hope of describing their interaction with simple laws of statistical mechanics, adding that the emphasis of economists on equilibria seems bizarre to physicists schooled in nonlinear dynamics.  

J. Holland, and in a separate article, T. Kehoe present models that read like an outline of institutionalist theory:  there are no global controls on economic agents, whose actions are guided by standard operating procedures and shifting roles and associations.  The economy has many levels of organization with tangled webs of interaction, that adapts over time to new circumstances.  Niches are continually created and foreclosed by new technology, so that the economy never achieves equilibrium or an optimum.  In such an environment, agents must learn and adapt, which behavior cannot be described by mathematical simplifications.

An economic pattern model of network connectivity that allows catalyzing reactions between agents is given by N. Packard, with attention given to explicitly modeling the economic system's flow as monetary transactions.  D. Ruelle questions the assumption of "perfect foresight" in light of the existence of sensitive dependence on initial conditions of any economy with chaotic influences.  Where tests do distinguish structure from randomness in empirical data, a minute difference in initial values in the equation system describing the structure would generate a completely different trajectory in time.  Although this makes chaos techniques useless for prediction, it may still permit interesting investigations into the theory of the economy's dynamics and control.  He notes that in any situation where there is interaction between agents through time, there will necessarily be time-dependent behavior that likely includes complex dynamics.

More recent papers by chaos economists show they have taken these issues quite seriously.  Brock (1991a) surveys a new class of "sandpile" or self-organized criticality models for which the bifurcation structure does not rely on external parameter change.  Dynamics are based on the behavior of agents, whose actions incorporate learning and adaptation.  They generate complex aperiodic time series which exhibit self-similarity of scale, yet are compatible with rational expectations equilibrium. The example is given of a model which differentiates between "noisy" or irrational traders and "rational" traders who follow technical trading rules based on fundamentals.  The former follow a "trend-chasing" herd instinct that is bullish or bearish depending on the actions of their fellows, which explains the persistence of the time series above or below the equilibrium price.  

Short period dynamics are introduced as gradual movement from the trend-chasing to the fundamentalist strategy or vice-versa, depending on the relative profits of the two strategies.  Bubbles and crashes (criticalities) snap the sytem back to equilibrium when the market can no longer support the activities of trend chasers and it becomes obvious that the market has deviated too far from fundamentals.  Other examples model the replication of technological change or propagation of liquidity constraints in a similar fashion. The innovation here is that price movement is explained in evolutionary terms.  It is disappointing that actions are still either entirely predictable or randomly distributed.  The retreat to the theme of a Gaussian distribution around a rational equilibrium based on fundamentals seems dubious.

However, other works demonstrate a startling willingness to abandon even the most fundamental neoclassical assumptions.  Brock et al (1991: 32-34) and Brock in the Santa Fe Institute volume praise modeling efforts that substitute liquidity constraints for the assumption of complete markets; price setting rather than price taking agents for perfect competition, chaotic dynamics of interdependent tastes and technology for pareto optimality, learning dynamics for mechanistic processes, and lag effects and feedback for instantaneous adjustment and independence of preferences.  Brock et al (1991) examine evidence for fluctuating variance and violations of the independently and identically distributed assumption.  Brock also advocates substituting evolution for the equilibrium perspective of economic processes.  
III. Deterministic Chaos Theory of Financial Instability

This literature has its theoretical roots in the early nonlinear business cycle models of Goodwin (1982).  The nonlinearity in these cases was investors switching from one function to another as investment conditions change.  Subsequent models improved on the realism by introducing lags that smoothed the original abrupt discontinuities into a wave pattern.  Finally, a rising trend was added that approximated a cyclical growth pattern, but a few weaknesses remained.  Goodwin admitted the model could not explain the observable difference in length between the long and gradual rise of upswings and the short, rapid fall of downswings, nor the abruptness of the change seen at peaks and troughs in actual time series.  

Goodwin's nonlinear dynamic models were the beginning of a theoretical response to the mainstream idea that the economy is basically stable but subject to external shocks.  Rather than returning to a steady state after a temporary change in path, the economy was viewed as shifting from one regime to another in response to endogenous structural change, where some regimes would produce oscillatory dynamics.  The theory of endogenous business cycles continues along these lines, supported more recently by institutional and empirical studies.

The volume by Semmler (1989) represents the current state of theoretical development within this approach.  Instability in these models is usually generated as a consequence of nonlinearities in the structure of interaction between firms, investors, financial institutions, and the real economy.  For Minsky, the role of changing internal debt, finance, and fluctuations in interest rates and the cash flow of firms over the business cycle leads to fragility.  Other models include a role for risk and the state of confidence, the effects of fiscal and monetary policy, or of credit constraints imposed by the banking sector on firms.

  Foley (1987, 1989) develops models where borrowing and lending practices are endogenous, both responding to and causing movements of the profit rate and liquidity of the economic system as a whole.  The result is feedback that causes self-sustaining fluctuations.  Another type of model presented in Semmler presents the essential nonlinearities as changing composition of assets, or portfolio choices of individuals and firms, responding to changes in expected rates of return and interest rate movements.  Empirical studies of the fluctuation of many of these variables are included.  Semmler (1989: xii) summarizes the common aspects of this approach;

“The essential new view in the tradition of nonlinear modeling of economic dynamics is that the equilibrium dynamics of the economy (around its stationary or steady–state values) are inherently unstable arising from a Hopf-bifurcation for certain parameters of the model... where an unstable accelerator generates positive feedback effects in the neighborhood of the equilibrium... the departure of the economy from its equilibrium may —due to nonlinearities in the response of economic agents to economic data— generate globally stable economic systems... Although in nonlinear models the dynamics are more complicated than in linear models, they allow for stable, closed cycles or bounded (erratic) fluctuations...” 

Goodwin again takes the lead in nonlinear modeling, this time by adapting the Rossler equations to economics.  He acknowledges the previously mentioned difficulties chaos poses for macroeconomic analysis; "From statistical analysis there is... no way of determining the structure of the model.  More particularly, if this model had been subject to exogenous shocks, there is as yet no way to separate the deterministic from the shock effects" (1990: 29).  This orientation leads him to the logical alternative approach of generating erratic fluctuations from endogenous macroeconomic dynamics.  

Instability is caused by the interaction of positive and negative feedback effects arising from the structure and normal functioning of a capitalist economy; technological innovation and increasing investment lead to rising wages and aggregate demand, but they are counteracted by declining employment per unit of output and falling profits.  Output and employment growth must outpace the falling demand for labor due to rising productivity for the economy to continue growing.  The system's behavior is inherently unstable, as the relative strength of these influences changes with the evolution of the system, even in an example where wage gains are tied to productivity increases.

An interesting quality of Goodwin's models is that the variation of the control parameter inducing phase transitions is not exogenous, but rises and falls with the level of output and employment.  Only one nonlinearity is required to contain the motion, and in this case it is the negative feedback of full employment as it limits the expansion of aggregate demand.  Output therefore becomes the agent of its own self-organization.  Complex aperiodic motion is generated endogenously and is completely self-sustaining, and although its motion is unpredictable and highly variable, it remains bounded.  The limit cycle of Goodwin's earlier models is replaced with the closed region of a chaotic Rossler band.  Unfortunately, inadequate explanation is given of why the Rossler model is appropriate for describing the economy and no economic meaning is associated with parameter values, so it doesn't escape the appearance that the model is a mere transplant.

However, the contrast with the neoclassical approach to chaos is evident, especially in Foley's and Goodwin's models of endogenous feedback.  Neoclassicals see deterministic chaos as a substitute for the stochastic terms appended to earlier linear models.  Verification consists of finding strange attractors in time series data, which only explains apparent random deviations from equilibrium, not the larger picture.  Deviations still result from exogenous influences, or arise from the static characteristics of agents as they respond to shocks.  The methodology called for by this approach is to fit chaos into existing theory, and only reluctantly is evolution and institutional behavior explicitly modeled.  

Goodwin and Foley start with the propostion that the normal functioning of the economy generates instability.  This perspective allows that apparently random fluctuations evidence an inherent disequilibrium that may or may not be globally stable.  Nonlinearities are derived from the structure of the economy and financial system.  Dynamics arise from time dependent changes and both cause and affect the evolution of the economy.  Theory is derived from observations of the actual practices of participants in the financial system, and could be approximated and verified by the data of finance and the real economy.

These nonlinear dynamic models already conform to Brock's suggestions of the most fruitful direction for chaos research.  Their method resembles the approach to chaos taken by natural and physical scientists, although empirical confirmation lags well behind.  In contrast to neoclassicals, who are only now returning to Keynes after pursuing the opposite direction, the body of instability theory begins with the view that Keynes was describing a capitalist economy composed of innumerable nonquantifiable processes, linked into a complex pattern of interdependent fluctuations, undergoing continuous change, and evolving in an unpredictable direction that is capable of complexity.  

An important consequence of these opposed perspectives is their conflicting ideas of the cause of instability in the U.S. economy and the policy approaches likely to resolve it.  Brock and Malliaris (1989) comment that "Theories that support the existence of endogenous propagation mechanisms typically suggest strong government stabilization policies.  Theories that argue that business cycles are, in the main, caused by exogenous shocks suggest that government stabilization policies are, at best, an exercise in futility and, at worst, harmful.”  Brock et al (1991) add that "If one believes the internal view is true then it follows that at least short-term prediction can be improved... on the other hand, if the exogenous shock view is true then prediction... may be hard to improve by using more sophisticated methods"

It appears that chaos might lead us to a new form of government activism, if not to a revival of New Deal Institutionalism, as Minsky (in Semmler, 1989: ix) suggests;

“If a theory holds that a capitalist economy is best thought of as a complex interdependent system whose trajectory depends on initial conditions and and an internal dynamics that is capable of endogenously generating periods of incoherence, then the question ‘Why is incoherence so rare?’ moves onto the research agenda.  The obvious answer is that the impact of the institutional structure and the system of interventions that result from this structure dominates the economy’s endogenous dynamics...Coherence is observed not because markets yield order, but because institutions and policy interventions dominate markets.  In the view that follows from this argument...markets are social devices to adjust details of the economy once the structures of intervention and regulation are in place that can abort the full development of chaos.”

The different approaches to the analysis of chaos appear to be converging to an explanation for macroeconomic fluctuation that could be reconciled with the explanation of Keynes; the causes of the employment fluctuations of capitalism lie in the structure of investment itself, and in the behavior of the individuals, institutions, conventions, and psychology of the people who control it.  But even crisis theory’s methodology fails ultimately at involving all the influences that Keynes does in his verbal description.  

The unusual complexity of chaos calls for a technique that does not compromise the realism and complexity of the actual system and its dynamic behavior.  So far, mainstream models have no real dynamics, the dynamic models of financial crisis are more deductive than empirical, and no attempt is made to validate either.  Chaos models of natural phenomena have always begun with well understood models of a system's stable dynamics.  Once this groundwork is laid for economics, it may be possible to make use of knowledge about chaos and fractals to uncover the deterministic element of erratic price fluctution.
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